VARIATION OF MIXED HODGE STRUCTURES AND PRIMITIVE
ELEMENTS
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ABSTRACT. We study the asymptotic behaviour of polarization form in the vari-
ation of mixed Hodge structure associated to isolated hypersurface singularities.
The contribution characterizes a modification of Grothendieck residue as the polar-
ization on the extended fiber in this case. We also provide a discussion on primitive
elements to explain conjugation operator in these variations, already existed in the
literature.

INTRODUCTION

One of the important subject of study in Hodge theory and D-modules is the
behaviour of the underlying variation of (mixed) Hodge structures in the extensions.
We will consider the VMHS associated to isolated hypersurface singularities in the
affine space C"™!. The mixed Hodge structure would be the Steenbrink limit mixed
Hodge structure. Classically there are two equivalent ways to define this MHS.
One method which is actually due to J. Steenbrink himself is by applying a spectral
sequence argument to the resolution of the singularity in projective fibration followed
with Invariant cycle theorem. Another method which is equivalent to the first is
to define it by the structure of lattices in the Gauss-Manin system associated to
VMHS on the punctured disc. We are mainly interested to the extension of the
Gauss-Manin system over the puncture both in the algebraic and analytic case. The
extension of the MHS;, is then a consequence of the Riemann-Hilbert correspondence.
We explain the extension by gluing vector bundles which is called minimal extension
in the literature. It mainly involves the fact that, different V-lattices can be glued
with the Brieskorn lattices in the other chart. Classically this is equivalent to the
Fourier-Laplace transform of perverse sheaves. the observation made by P. Deligne
and M. Saito is the two Hodge filtration on the vanishing cohomology, one defined
by the Brieskorn lattices and the second defined by the V-lattices are opposite. This
corresponds to a choice of good basis of the Gauss-Manin system which defines the
desired isomorphism. We try to study the polarization in the new chart after the
extension. The method we use is to formulate a special presentation of K. Saito
higher residue pairing due to the works of F. Pham.
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Suppose f : C**! — C is an isolated hypersurface singularity at 0 € C**'. Us-
ing the Hodge theory of the Brieskorn lattice we show that when f has isolated
critical point, the MHS of the extension fiber is polarized by a sign modification of
Grothendieck residue.

1. STEENBRINK LIMIT MIXED HODGE STRUCTURE

Suppose we have an isolated singularity holomorphic germ f : C"*! — C. By the
Milnor fibration Theorem we can always associate a C'*°-fiber bundle over a small
punctured disc 7”. The associated cohomology bundle H = R"f.C, constructed
from the middle cohomologies of the fibers will define a variation of mixed Hodge
structure on 7”. The Brieskorn lattice is defined by,

Qn+1
H' = f X0
“df A dQY

The Brieskorn lattice is the stack at 0 of a locally free Op-module H” of rank
p with H7, = H, and hence H"” C (i,H)o, where ¢ : 7" — T. The Leray residue
formula can be used to express the action of 9, in terms of differential forms by

O; Hdw] = [df A w]
In particular , 9; '.H"” ¢ H", and

H . 9% c{z
(1) Y T A, T 00)

where s = 9;'. There exists a C-isomorphism

=i44f.

(2) v= P va:He= P HE™ = P o=V sy

—1<a<0 —1<a<0 —1<a<0

The map 1 is called the nearby map, and explains content of the Deligne extension
of H. The monodromy M on H¢ corresponds to exp(—2mi.td;) on @ C*. The

—1<a<0

(Steenbrink) Hodge filtration on H" (X, C) is defined by

(3) FPH(X )y = 9, 0, PGrt " PH O,

Set B = a+n—p. Because H® c V-1, Gr€ = 0for g < —1. Thus, F? =0, p > n.
Therefore,
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(4) GriQy = G H" (X, C),  Qp = QU /df AU

where Gr‘ﬁ/ﬂ 7 is explained as follows,
Definition 1.1. The V-filtration on €y is defined by
(5) VeQp=pr(VENH")

Clearly VeQy = ®5ZQQ? and Q¢ = &Gy hold. We have the following commuta-
tive diagram

GriQ, —— ariay

(6) o | o |

GrN
G’I“%H,\ L) GT% 1H)\

2. HODGE THEORY AND RESIDUE FORM

The Gauss-Manin system G of an isolated hypersurface singularity may be ex-
tended over the puncture in the way of gluing two vector bundles on different charts.
This can be explained by gluing lattices inside G (V-lattices with Brieskorn lattices).
This is called the minimal extension in the literature. In this way we can explain a
new fiber over the puncture 0, which is canonically isomorphic to €, cf. [1].

Asuume f: C*"™! — C is a germ of isolated singularity. Suppose,
"X, C) = P13
D,q,A

is the Deligne-Hodge bigrading, and generalized eigen-spaces of vanishing cohomol-
ogy, and also A = exp(—2mia) with a € (—1,0]. Consider the isomorphism obtained
by composing the three maps,

o

(7) QL. P9 2 gretrr gt P Get HY 07 HY S Q)
where
B = O 0 | 131

_ D,q D, __ D59
¢ = @p,q,,\ )7, Q" = pro dy

Definition 2.1. (MHS on ;) The mized Hodge structure on Sy is defined by using
the isomorphism ®. This means that

Wi(Q)) = W, H"(Xs,Q),  FP(Q) = ®FPH™( X, C)
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and all the data of the Steenbrink MHS on H" (X, C) such as the Q or R-structure
is transformed via the isomorphism ® to that of Q0y. Specifically; in this way we also
obtain a conjugation map

(8) TZQf’Q(X)(C—)Qf’@@(C, Qﬁ@ = q)Hn(XOO,@)
defined from the conjugation on H™"( X, C) via this isomorphism.

Theorem 2.2. [1] Assume f : (C"™1,0) — (C,0), is a holomorphic germ with
1solated singularity at 0. Then, the isomorphism ® makes the following diagram
commutative up to a complex constant;

Ee\sf,o : Qf X Qf — C
(9) l(qu,cb*l) lx* x #£ 0
S H"(Xo) X H'(Xa) —— C

where,

Easﬁo = respg (o,C o)

and C is defined relative to the Deligne decomposition of (¢, via the isomorphism
. If JP1 = &[4 s the corresponding subspace of Qy, then

(10) Q= Clwa= (-1

p.q

In other words;
(11) S(@ Hw), @ (n) = * x resso(w, C.n), 0#£%xeC

Theorem 2.3. [1]

Assume f : C"*1 — C is a holomorphic isolated singularity germ. The modified
Grothendieck residue provides a polarization for asymptotic fiber Q1¢, via the afore-
mentioned isomorphism ®. Moreover, there exists a set of forms {Resy} giving a
graded polarization for Q.

Remark 2.4. Let G be the Gauss-Manin system associated to a polarized variation of
Hodge structure (Ho, F,S) of weight n, with S : Ho®@Hg — Q(—n) the polarization.
Then we have the isomorphism

(12) @Grfwg — @HomoX(Gr?fkg,(’)X)

keZ keZ

given by (up to a sign factor) X — S(\,—), for A € GrkgG.
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G. Pearlstein and J. Fernandez in [PF] prove a result on a pair of opposite filtra-
tions appearing in the extensions of an admissible VMHS or its asymptotic bahaviour.
This concept has been studied by M. Saito in another terminology cf. [MS]. The
above form polarizes the CVH of G. Pearlstein et. al.

Theorem 2.5. [1] Let V be an admissible variation of polarized mized Hodge struc-
ture associated to a holomorphic germ of an isolated hyper-surface singularity. Set

(13) U=F W

Then U extends to a filtration W of V by flat sub-bundles, which pairs with the Hodge
filtration F of V, to define a polarized C-variation of Hodge structure.

Remark 2.6. ([DW], page 53, 54) Consider the map

||

we [z = (T — ﬂ e_t/zw)],
T

F ot i | Hom(Hu (X, f 7 (0.2), 2) & ®,Z1,,C),  H := Im(F)

where T; are the classes of Lefschetz thimbles, and T'; is the extension to infinity,
[DW]. The vector bundle H is exactly the Fourier-Laplace transform of the cohomol-
ogy bundle R" f,Cg« = UyH"(X,,C), equipped with a connection with poles of order
at most two at oco.

(UtHn(Xt7 C)? V) S (H7 V/)
Corollary 2.7. The modified Grothendieck residue

E“S\Sfy() = 7“68f70(0, éo)

where C s defined relative to the Deligne-Hodge decomposition of (¢, is the
Fourier-Laplace transform of the polarization S on H"(X., C).

3. PRIMITIVE ELEMENTS

In this section we explain primitive elements as basis for primitive subspaces of
vanishing cohomology, and try to explain the conjugation map on vanishing coho-
mology of an isolated hypersurface singularity, via elementary sections.

Assume G the associated Gauss-Manin system of the isolated singularity f :
C"*! — C and ¢, ..., ¢,, a frame basis for G and («,s,) is the spectral pairs of
f. According to [SA2] it is possible to choose the basis in a way that we have the
following recursive relations;

(14) Ds(i)y+k = @_kH(tat — ) by, 1<i<r 1<k<k.
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for specific numbers 0 < s(1),...,s(r) < p. In this way we reach a set of forms
®s(s) indexed by spectral numbers which produce other basis elements by applying
the operators td; — « successively. They also describe Gr/Y GrY G concretely. These
forms are called primitive elements relative to the nilpotent operator induced by
t0; — a on C,. They provide information about the Jordan blocks structure in G. If
we denote the Jordan block as

Bk = <Nj[wk0] | j = 0, ...,I/k>,
then it holds that;

(15) B | = {Bla,ukla o 6]07 1[

BO,Vk—l7 a=70
See [SA2] for the proof.

Proposition 3.1. [SA2] There is a 1-1 correspondence between opposite filtrations
on H"(X«)c and free, rank p, C[t]-submodules Go, on which the connection is loga-
rithmic where Gy, Goo define a trivial vector bundle on P*.

The submodule G, in Proposition 10.1.1 is given by;
Goo = Clt|{[wo], -, Oy w0, ..., Op *wy]).
The primitive elements provide the good bases of the Brieskorn module. They

also prove the existence of a solution to The Poincare-Birkhoff problem. In such a
basis the matrix of the operator ¢ has the form;

(16) t= Ao+ A0,

where Ay, A; are square matrices of size p and A; is a diagonal matrix. It holds (cf.
[?], [H1]) that, in such a basis the K. Saito higher residue form [?] takes the form

(17) Kp(mi,15) = Ow(ing-0; ",

where 0 is the Kronecker delta and « is an involution of the set {1,...,u} as index
set of a specific basis of G namely {n;}/_;. The extension of an PVMHS’s may
be explained by the solvability of the Poincare-Birkhoff problem associated to the
Gauss-Manin systems. One step in solving the Poincare-Birkhoff problem for the
Gauss-Manin system of f is to glue different lattices in the Gauss-Manin vector
bundle to obtain a vector bundles over CP(1).

Example 3.2. The equation (10.2) completely explains how to do conjugation on
the elementary sections of the Deligne extension. Specifically

ey Ve (logt) T AL ),  a€)0,]]
v (Ellogt) Aay) = {?/fol((log ) Ao1), a=0
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where v is the size of the corresponding Jordan block. Regarding the map ® defined
in 8.5, the conjugation on €y must should satisfy similar relations. That is the
conjugate of an element in Gr&GrlV<; is either in Gry *GrW ,Q; or Gri.GrYV Q;,
in respective cases, such that the corresponding sections of vanishing cohomology
satisfy the above.
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